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1. INTRODUCTION
Let X be a space of homogeneous type. For a function f on X, let
Mf be the corresponding multiplication operator on some function space
over X. Let TK be a standard Caldero´n–Zygmund (C-Z) operator that is
bounded on L2X. Let Cf = Mf TK be the commutator of Mf and TK .
When X = N , a fundamental theorem of Coifman et al. [CRW] gives a
characterization of boundedness of Cf when the TK are the Riesz trans-
forms Rj j = 1 2     n. The characterization of compactness was given
by Uchiyama [UCH] and Janson [JAN]. The boundedness result was gen-
eralized to other contexts and important applications to some non-linear
PDEs were given by Coifman et al. [CLMS]. Boundedness and compact-
ness for Cf on Lp space over X × 0∞ was proved by Beatrous and
Li [BEL], and applications to Hankel-type operators on Bergman spaces
were given there. More general operators—multilinear operator or bilinear
forms rather than commutators on LpX—were studied by several authors
(see examples, [COG, GLY, CLMS]), and characterizations of boundedness
were given in that context when X is N or the Heisenberg group. A suf-
ﬁcient condition on f so that Cf is bounded on LpX 1 < p < ∞) was
given in [BC].
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The main purpose of the present paper, the ﬁrst one in a series of two
papers on integral operators on function space over X, is to study the
boundedness of generalized Toeplitz operators (including the commutator
of a singular integral operator and a multiplication operator) on function
spaces on a space of homogeneous type (Theorem 3.1). In particular, we
shall generalize the results in [COG, CRW, JAN, LI] from N or S2n−1 to
much more general settings.
The second paper [KRL2] in this two-paper series has as its pur-
pose to develop compactness theorems for operators on LpX. More-
over, as applications, we formulate and prove characterization theorems
(Theorems 2.2 and 2.4 in [KRL2]) for the boundedness and compactness
of Hankel operators or commutators Mf S on holomorphic Hardy spaces
H2D, where D is a bounded, strictly pseudoconvex domain in n and S
is the Szego¨ projection.
This paper is organized as follows: In Section 2, we recall some prelim-
inary results, some notation, and some deﬁnitions. In Section 3, we study
the boundedness of some generalized Toeplitz operators on Lp.
2. PRELIMINARIES
Let X be a locally compact Hausdorff space. A homogeneous structure
on X consists of a positive regular Borel measure µ on X and a family
	Bx r 
 x ∈ X r > 0 of basic open subsets of X such that, for some
constants c > 1 and K > 1, we have
(1) x ∈ Bx r for all x ∈ X and every r > 0;
(2) If x ∈ X and 0 < r1 ≤ r2, then Bx r1 ⊂ Bx r2;
(3) 0 < µBx r <∞ for all x ∈ X and all r > 0;
(4) X = ∪r>0Bx r for some (and hence every) x ∈ X;
(5) µBx cr ≤ KµBx r for all x ∈ X and all r > 0;
(6) If Bx1 r1 ∩ Bx2 r2 =  and r1 ≥ r2, then Bx2 r2 ⊂
Bx1 cr1;
(7) For x ∈ X, ∩r>0Bx r = 	x.
We say that X is a space of homogeneous type if X is a locally compact
Hausdorff space having a homogeneous structure. We usually denote our
space of homogeneous type by Xµ. Following Christ [CHR1], we assume
from now on that µ	x = 0 for all x ∈ X.
If X is a space of homogeneous type, then one may deﬁne a quasi-
distance on X as follows: If x y ∈ X, then we let
dx y = inf	t 
 y ∈ Bx t and x ∈ By t(2.1)
It is clear that dx y = dy x. SinceX is Hausdorff and the sets 	Bx r 

x ∈ X r > 0 are basic open subsets of X, we may conclude from (3), (6),
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and (7) that dx y = 0 if and only if x = y. From the so-called “doubling
property” (5), we have that dx z ≤ CcKdx y + dy z. The dou-
bling property is of course a substitute for the classical triangle inequality.
Therefore d · ·  is called a quasi-metric on X.
Yet another approach is to deﬁne a “distance” by
dx y = inf	µBz t 
 y ∈ Bz t and x ∈ Bz t(2.2)
Coifman and Weiss refer to this quasi-metric as the measure distance.
For certain purposes, it is useful to choose a quasi-metric such that the
measure of a ball Bx r associated to the quasi-metric is comparable to
a ﬁxed power rγ of its radius. Following Theorem 3 in [MS], we have the
following result:
Lemma 2.1. Let Xµ be a space of homogeneous type. For any positive
number γ, there is a quasi-metric dγ on X such that if
Bγx0 r = 	x ∈ X 
 dγx x0 < r
then
µBγx0 r ≈ rγ(2.3)
where r > 0 and small when X is compact. Furthermore, with this quasi-metric
we have ∫
X\Bγx0 t
µBγx t−sdµx ≤ CsµBγx0 t−s+1(2.4)
for all s > 1.
An examination of [MS] reveals that dγ is simply a suitable power of the
measure distance. Of course dγ will still have the doubling property and
will satisfy a quasi-triangle inequality.
Now we deﬁne the maximum mean oscillation on balls with ﬁxed radius
r as
Mr f  = sup
x∈X
{
1µBx r
∫
Bx r
f −mBf dµ
}

(Here mBf  is the mean value of f on the ball B = Bx r. In some
contexts we will also use fS to denote the mean of f over S, where S is a
more general set than a ball.)
Deﬁnition 2.2. Let Xµ be a space of homogeneous type. Let f ∈
L1locX. We say that f ∈ BMOX if
f∗ = sup
0<r<∞
Mr f  <∞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We say that f ∈ VMOX if f ∈ BMOX and
lim
r→0+
Mr f  = 0
Observe that this deﬁnition of BMO depends on the balls Bx r (see
[KRA2] for more on this matter). Our deﬁnition of VMO is formulated
for convenience; it suits the applications that we will discuss later. It is the
same as other traditional deﬁnitions when X is compact or µX <∞.
Now we may deﬁne the atomic H1 space as follows:
Deﬁnition 2.3. Let Xµ be a space of homogeneous type. Let a ∈
L∞X. We say that a is an atom (or a 1-atom) if there is a ball B such
that suppa ⊂ B and
(i) ax ≤ 1/µB
(ii)
∫
B axdµ = 0.
Then
H1X =
{
u =
∞∑
j=1
λjaj 
 aj are atoms and 	λj∞j=1 ∈ &1 λj ≥ 0
}
(2.5)
with norm
uH1 = inf
{ ∞∑
j=1
λj 
 u =
∞∑
j=1
λjaj
}
(2.6)
The following result was proved in [COW2] (a version also appeared in
[MS]):
Theorem 2.4. Let X be a space of homogeneous type. Then
(i) H1X∗ = BMOX;
(ii) VMOX∗ = H1X.
The question of how to deﬁne atomic HpX spaces for the full range
0 < p < 1 is more complex. The case for p very close to 1 (for example, if
X = N we take n
n+1 < p ≤ 1) was treated by Coifman and Weiss [COW1,
COW2] (also see [MS]). Let a be a bounded function on X with support in
some ball B = Bx0 r. We say that a is a p-atom in the sense of Coifman
and Weiss if
(i) ax ≤ µB−1/p;
(ii)
∫
X axdµx = 0.
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The atoms of Coifman and Weiss are natural for values of p that are close
to 1 (in which context the elementary mean-value-zero property (ii) sufﬁces
for the purpose of studying singular integrals); when the value of p is small,
then the deﬁnition of Hardy space requires a higher order moment condi-
tion and is unworkable on an arbitrary space of homogeneous type. We have
in fact developed a way to deﬁne a class of polynomials on a space of homo-
geneous type which helps us to distinguish the different degrees of smooth-
ness and, therefore, the different moment conditions for Hp spaces and
Zygmund spaces. As a result we may formulate and prove the duality theo-
rems on Hp which cover all known duality theorems on N , the Heisenberg
group, nilpotent Lie groups, and the boundaries of certain classes of pseu-
doconvex domains. We will provide the details of these constructions in a
future paper. The consideration of Hp, for p small, on a space of homo-
geneous type will play no role in the remainder of the present paper.
Next we need some deﬁnitions (from Christ [CHR2]) for singular inte-
grals on a space of homogeneous type.
Deﬁnition 2.5. Let Xµ be a space of homogeneous type. A standard
kernel is a function K 
 X ×X\	x = y →  such that there exist ' > 0,
and 0 < C <∞ satisfying
Kx y ≤ C
λx y for all distinct x y ∈ X(2.7)
here
λx y = µBx dx y(2.8)
and
Kx y −Kx′ y + Ky x −Ky x′
≤
(
dx x′
dx y
)'
·
(
C
λx y
)
(2.9)
whenever dx y ≥ cdx x′, where c > 1 is given in the doubling property
(5) of this section.
Remark. On Euclidean space N , the most important standard kernel
is the classical Caldero´n–Zygmund kernel (see [CHR2])
Kx y = (x− yx− yN 
Here the function (x on N\	0 is assumed to be homogeneous of
degree 0, continuously differentiable, and
∫
x=1(xdσx = 0. Then (2.7)
and (2.9) are easy to verify.
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The idea of focusing on an estimate like (2.9), rather than homogeneity
and the mean-value-zero property, goes back to Ho¨rmander (see [HOR]).
The forms of these estimates have been standardized in [DAJ] (see also
[CHR2, KRA1]). In [KRA1], an explicit computation is performed to relate
(2.9) to the classical Caldero´n–Zygmund conditions on the kernel.
Deﬁnition 2.6. A continuous linear operator T 
 *δ → *′δ is said to
be associated to K if K is locally integrable away from the diagonal and
Tf g =
∫ ∫
Kx yf ygxdµydµx
for all f g ∈ *δ whose supports are separated by a positive distance. Here
*′δ denotes the dual space of *δ.
Deﬁnition 2.7. A singular integral operator T is an integral operator
associated to a standard kernel K so that T is a continuous linear operator
from *δ to *
′
δ for some δ ∈ 0 δ0.
The last two deﬁnitions are a standard part of the theory of the David–
Journe´ T 1 theorem. See [CHR2] for a nice discussion of these ideas.
The following theorem is due to Coifman and Weiss [COW1]; the basic
arguments appear in [CAZ, STE].
Theorem 2.8. Let T be any singular integral operator which is bounded
on L2Xµ. In addition, if X is non-compact then we assume that T 1 = 0.
Then T is bounded on LpXµ for all p ∈ 1∞, is weak type (1,1), and
is bounded on BMOX.
The celebrated T 1 theorem of David and Journe´ gives necessary and
sufﬁcient conditions to test when a singular integral operator is bounded on
L2. Let T be a singular integral operator. We say that T is weakly bounded
on L2X if
Tφψ ≤ CµBx0 r
for all φψ ∈ *δBx0 r supported in B and
φL∞ + ψL∞ ≤ C
for all x0 ∈ X and r > 0. It is easy to show that if T is bounded on L2X
then T is weakly bounded on L2. Conversely, we have the following T 1
theorem of David and Journe´ (see [DAJ]).
Theorem 2.9. Any singular integral operator T is bounded on L2 if and
only if the following holds:
(i) T is weakly bounded on L2X;
(ii) T 1 ∈ BMOX and T ∗1 ∈ BMOX.
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3. GENERALIZED TOEPLITZ OPERATORS
In this section, we shall study the boundedness of some generalized
Toeplitz operators which come from a family of singular integral opera-
tors (see (3.2)) in the context of the Lebesgue spaces LpX (1 < p <∞)
on a space of homogeneous type.
Let f ∈ L2Xµ. Then we deﬁne the multiplication operator Mf with
symbol f as follows: For any function g on X, we let
Mf gx = f x · gx all x ∈ X
Let TK be a singular integral operator with standard kernel Kx y. Then
we denote by Cf = Mf TK = MfTK − TKMf the commutator of Mf
and TK . In order to obtain better control over the singular integrals to be
deﬁned later, we let
Kηx y = Kx y if dx y ≥ η Kηx y = 0 if dx y < η
We also set
Tηgx =
∫
X
Kηx ygydµy
and
T˜ f x = sup
0<η<1
Tηf x
Then, by Theorem 12 in [CHR1], we have
T is bounded on L2X ⇐⇒ T˜ is bounded on LpX for 1 < p <∞.
We assume that the balls B and measure µ satisfy the following condition:
There is an ' > 0 (depending only on X) such that
cj'µBx t ≤ µBx cjt ≤ CcKjµBx t(3.1)
for all t > 0 and x ∈ X. Here c > 1 is given by the doubling property
(5) in Section 2. This condition is sufﬁcient to guarantee that (2.4) holds.
Notices that (3.1) holds if 1
C
tC ≤ µBx t ≤ Ct1/C for some C > 1 and
all 0 < t < 1. Therefore, by Lemma 2.1, we can always choose a family of
balls so that the above is true. However, most known examples of space of
homogeneous type, especially the ones we consider in [KRL2], satisfy this
condition.
Let Tj1 Tj2 j = 1    m) be a ﬁnite sequence of C-Z type operators.
We shall consider a generalized Toeplitz operator
b =
m∑
j=1
Tj1Mb Tj2(3.2)
We shall always assume that Tj1 Tj2 are bounded on L2X.
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The main purpose of this section is to prove the following theorem.
Theorem 3.1. Let Xµ be a space of homogeneous type on which (3.1)
holds. Let Tji be a sequence of C-Z operators which are bounded on L2X.
If g ∈ LpX and 1g = 0 (here 1 is the operator of type (3.2) that is
associated to the symbol b ≡ 1) then, for any b ∈ BMOX, we know that
bg ∈ LpX. Moreover,
bgLpX ≤ Cp
( m∑
j=1
Tj1
)( m∑
j=1
Tj2
)
gLpb∗
for all 1 < p <∞, where Tji denotes the operator norm of Tji on L2X.
When X is the Heisenberg group, this last result was proved by Grafakos
et al. [GLY].
If we choose m = 2 and T11 = T22 = I and T12 = −T21 = TK , then
b = Cb. Thus we have the following corollary which was independently
proved in [BC].
Corollary 3.2. Let Xµ be a space of homogeneous type. Let TK be
a C-Z operator which is bounded on L2X. If b ∈ BMOX, then MbTK
is bounded on LpX for all 1 < p <∞.
Let f ∈ L1locXµ. Then we deﬁne the sharp maximal function of f on
X as follows: For a.e. x ∈ X,
f#x = sup
{
1
µB
∫
B
f y − fBdµy 
 r > 0
}
(3.3)
Also the q-maximal function of f is
Mqf x = sup
{(
1
µB
∫
B
f yq dµy
)1/q

 r > 0
}
(3.4)
Then we have Lemmas 3.3 and 3.4.
Lemma 3.3. Let Xµ be a space of homogeneous type. Let f ∈
Lp0Xµ for some 1 ≤ p0 and p > p0. Then f ∈ LpXµ if and only
if f#x ∈ LpXµ; and f ∈ LpXµ if and only if Mf  = M1f  ∈
LpXµ for all 1 < p <∞
The proof of Lemma 3.3 can be found in Christ and Fefferman [CHF];
see also Caldero´n [CAL] for X = N ; Aimar and Macia´s [AIM] contains
results on the Hardy–Littlewood maximal function on spaces of homoge-
neous type. Also see Stro¨mberg and Torchinski [STT] for sharp maximal
functions on spaces of homogeneous type.
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Lemma 3.4. Let T be a Caldero´n–Zygmund operator.
(a) T is bounded on L2X ⇐⇒ T˜ is bounded on LpX for 1 <
p <∞.
(b) Let 1 < p <∞ Then Mqf  ∈ LpXµ for all 1 ≤ q < p.
(c) If f ∈ BMOX, then we have fckB − fB ≤ CcKkf∗ and
sup
{
1
B
∫
B
f y − fBp dµy 
 B = Bx0 r ⊂ X
}
≤ Cpfp∗ 
where B = Bx0 r ⊂ X.
Now we are ready to begin the proof of Theorem 3.1.
Proof. Without loss of generality, we may assume that
Tij ≤ 1 for all 1 ≤ i ≤ m i = 1 2
Let b ∈ BMOX have compact support, and g ∈ LpX with 1g = 0.
Then bg ∈ Lp0Xµ for some 1 ≤ p0 < p. By Lemma 6.4, it sufﬁces to
prove that bg# ∈ LpXµ and bg#p ≤ Cpb∗gp.
Let B = Bx r be any ball in X and cB = Bx cr. We let
1 = cB 2 = 1− cB
We have that 1g = 0, and so bBg = bB1g = 0. Thus
bg = b−bB1g + b−bB2g = g1 + g2(3.5)
Note that
g1y = b−bB1gy =
m∑
j=1
Tj1b− bB1Tj2gy
Thus, for each 1 < q < p, we can choose 1 < γ < ∞ such that qγ < p.
Now ( ∫
B
g1yqdµ
)1/q
≤
m∑
j=1
Cqj
( ∫
cB
b− bBqTj2gyqdµy
)1/q
≤
m∑
j=1
Cqγj
( ∫
B
b− bBqγ
′
dµ
)1/qγ′( ∫
cB
Tj2gqγ dµ
)1/qγ
≤
m∑
j=1
Cqγjb∗µB1/γ
′qMqγTj2gxµ2B1/qγ
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≤ b∗
m∑
j=1
CqγjMqγTj2gxµBx r1/qγ+1/qγ
′
≤ b∗
m∑
j=1
CqγjMqγTj2gxµB1/q
Therefore ∫
B
g1
dµ
µB ≤
( ∫
B
g1q dµ1/qµB
)1/q′−1
≤ b∗
m∑
j=1
CqγjMqγTj2gx
Now we consider g2. We shall ﬁrst prove the following lemma.
Lemma 3.5. Let TK be a C-Z operator with a standard kernel K such that
TK is bounded on L2X. Then, for any y ∈ B = Bx r, we have
TKg2y − TKg2x ≤ C''0Mgx(3.6)
and
TKb− bB2gy − TKb− bB2gx
≤ C' '0 γb∗Mγgx(3.7)
where 1 < γ < p.
Proof. The proof of (3.6) is similar to and easier than the proof of (3.7).
We shall present the proof of (3.7) here. Let y ∈ Bx r. Then
TKb− bBg2y − TKb− bBg2x
=
∣∣∣ ∫
X
b− bBgz2zKy z −Kx zdµz
∣∣∣
≤
∫
X\cB
b− bBgzKy z −Kx zdµz
≤
∞∑
k=2
∫
ckB\ck−1B
b− bBgzKy z −Kx zdµz
≤ C
∞∑
k=2
∫
ckB
b− bBgzdµzr'ck−1r−'µBx 2k−1r−1
≤ C
∞∑
k=2
( ∫
ckB
b− bBγ dµ
µ2kB
)1/γ′( ∫
ckB
gzγ dµz
µckB
)1/γ
c−k−1'
≤ C
∞∑
k=2
Cγ′ b∗kMγgxc−k−1'
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≤ Cγb∗Mγgx
∞∑
k=2
c−k−1'k
≤ CC'γb∗Mγgx
and the proof of the lemma is complete.
Observe that
1
µB
∫
B
g2y−g2Bdµy≤
2
µB2
∫
B
∫
B
g2y−g2xdµxdµy
where
g2y =
m∑
j=1
Tj1b− bB2Tj2gy
Then, for each y ∈ Bx r, we have
g2y − g2x ≤
m∑
j=1
C''0γjb∗MγTj2gx
Thus
1
µB
∫
B
g2y − g2Bdµy ≤
m∑
j=1
C''0γjb∗MγTj2gx
We know that the Tji are bounded on LpX and
bg#x = g#1 x + g#2 x
Combining this result and the estimation of g#1 x and g#2 x, we see that
bg#Lp ≤ Cp
m∑
j=1
Tj1Tj2b∗gLpX(3.8)
By Lemma 3.4, we have that bg ∈ LpXµ for all 1 < p <∞ when b
has compact support. For general b, we may assume that g is smooth and
compactly supported; then the above arguments show that (3.8) holds. The
fact that CcX is dense in LpXµ implies that the proof of Theorem 3.1
is complete.
As a direct consequence of Theorem 3.1, we have the following theorem
(see [COG, GLY] for the special cases when X is N or a homogeneous
group).
Theorem 3.6. Let Xµ be a space of homogeneous type. If f ∈
LpX is such that 1f  = 0, then the linear operator Bf g =∑m
j=1T ∗j 1g Tj 2f  is bounded from LqX → H1X, where p q > 1
and 1/p+ 1/q = 1 and · · denotes the inner product in n.
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Proof. Since
bf  g =
m∑
j=1
Tj1bTj2f  g
=
m∑
j=1
bTj2f  T ∗j1g
=
m∑
j=1
b Tj2f T ∗j1g
=
〈
b
m∑
j=1
Tj2f T ∗j1g
〉
= bBf g
for all b ∈ BMOX with compact support, and by Theorem 3.1, we have
bBf g ≤ Cpq
( n∑
j=1
Tj1
)( n∑
j=1
Tj2
)
b∗fLpgLq 
Now the set of VMO functions with compact support is dense in VMO(X);
using Theorem 2.4, we have that Bf g ∈ H1X, and the proof is
complete.
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